Abstract In this paper we introduce the nullity of signed graphs, and give some results on the nullity of signed graphs with pendant trees. We characterize the unicyclic signed graphs of order n with nullity n − 2, n − 3, n − 4, n − 5 respectively.
of graphs of order n with nullity n − 5 or more is still open. Much work is devoted to the nullity of special classes of graphs; see [9, 11, 13, 14, 15, 19, 22, 23, 24, 26, 29, 31] .
In this paper we discuss the nullity of the signed graphs. A signed graph is a graph with a sign attached to each of its edges. Formally, a signed graph Γ = (G, σ) consists of a simple graph G = (V, E), referred to as its underlying graph, and a mapping σ : E → {+, −}, the edge labelling. To avoid confusion, we also write V (Γ) or V (G) instead of V , E(G) instead of E, and E(Γ) = E σ . The adjacency matrix of the signed graph Γ is A(Γ) = (a σ ij ) with a σ ij = σ(v i v j )a ij , where (a ij ) is the adjacency matrix of the underlying graph G. In the case of σ = + being an all-positive edge labelling, then the adjacency matrix A(G, +) is exactly the classical adjacency matrix of G. The nullity of a signed graph Γ is defined as the multiplicity of the eigenvalue zero in the spectrum of A(Γ), and is still denoted by η(Γ).
Signed graphs were introduced by Harary [16] in connection with the study of the theory of social balance in social psychology (see [7] ). The matroids of graphs were extended to those of signed graphs by Zaslavsky [30] , and the Matrix-Tree Theorem for signed graphs was obtained by Zaslavsky [30] and by Chaiken [2] . More recent results on signed graphs can be found in [1, 17, 18] .
In chemical signed graph theory, the edge signed graph (exactly the signed graph defined here) was introduced according to the eigenvectors (or molecular orbitals) of the adjacency matrix of the underlying graph. The net sign is defined to the sum of all signs of the edges of the signed graph, which is used to reflect the bonding capacity and rationalize the scheme of chemical bonding; see [12, 20, 21, 28] for details.
Let Γ = (G, σ) be a signed graph. The sign of a cycle C of Γ is denoted and defined by sgn(C) = Π e∈C σ(e). The cycle C is said positive or negative if sgn(C) = + or sgn(C) = −. A signed graph is said to be balanced if all its cycles are positive, or equivalently, all cycles have even number of negative edges; otherwise it is called unbalanced. There have been a variety of applications of balance; see [27] .
Suppose θ : V (G) → {+, −} is any sign function. Switching Γ by θ means forming a new signed graph Γ θ = (G, σ θ ) whose underlying graph is the same as G, but whose sign function is defined on an edge uv by σ θ (uv) = θ(u)σ(uv)θ(v). Note that switching does not change the signs or balance of the cycles of Γ. If we define a (diagonal) signature matrix Note that switching equivalence is a relation of equivalence, and two switching equivalent graphs have same nullities. So, when we discuss the nullity of signed graphs, we can choose an arbitrary representative of each switching equivalent class. For the unicyclic graphs, there are exactly two switching equivalent classes. If a unicyclic signed graph is balanced, by Theorem 1.1, it is switching equivalent to one with all edges positive. Otherwise, it is switching equivalent to one with exactly one (arbitrary) negative edge on the cycle, by the following lemma. Lemma 1.2. Let Γ be an unbalanced signed unicyclic graph of order n. Then Γ is switch equivalent to a signed unicyclic graph of order n with exactly one (arbitrary) negative edge on the cycle.
Proof: Let e be an arbitrary edge on the cycle of Γ. Observe that Γ − e is balance. So, by Theorem 1.1, there exists a sign function θ such that (Γ − e) θ consisting of positive edges. Returning to the graph Γ θ , the edge e must have negative sign as switching does not change the sign of a cycle. The result follows.
In this paper we concern the nullity of unicyclic signed graphs of order n, and characterize the unicyclic signed graphs of order n with nullity n − 2, n − 3, n − 4, n − 5 respectively.
Preliminaries
We first introduce some concepts and notations of signed graphs. However these definitions are based only on the underlying graph of the signed graph. Let Γ = (G, σ) be a signed graph. The graph Γ is said acyclic (respectively, unicyclic) if it contains no cycles (respectively, contains exactly one cycle). Particularly, the unicyclic graphs consider here are all connected.
A vertex of Γ is called pendant if it has degree one, and is called quasi-pendant if it is adjacent to a pendant vertex. An edge subset M ⊆ E(Γ) is called a matching of Γ if no two edges of M share a common vertex. A matching M is called maximum in Γ if it has maximum cardinality among all matchings of Γ, and is called perfect if every vertex of Γ is incident with (exactly) one edge in M . Obviously, a perfect matching is a maximum matching. The cardinality of a maximum matching is called the matching number of Γ, denoted by µ(Γ). Denote by Γ − U , where U ⊆ V (Γ), the graph obtained from Γ by removing the vertices of U together with all signed edges incident to them. Sometimes we use the notation
The union of two disjoint graphs G 1 and G 2 is denoted by G 1 ⊕ G 2 . The union of k disjoint copies of G is often written as kG. Denote by K n , K 1,n−1 , C n a complete graph, a star and a cycle all of order n, respectively.
Note that for a balanced signed graph Γ = (G, σ), the matrix A(Γ) is similar to A(G) via a signature matrix by Theorem 1.1. So the nullity results for simple graphs still hold for balanced signed graphs.
Lemma 2.1. [6] If T is a acyclic signed graph or a signed tree of order n. Then η(T ) = n−2µ(T ).
The following result can be obtained from Proposition 2.2 of [10] .
Lemma 2.3. Let C n be a unbalanced signed cycle. Then it has eigenvalues 2 cos
, and η(C n ) = 0 otherwise. Proof: Let u 1 be a pendant vertex of G, and let u 2 be its neighbor. Denote r(A) the rank of the matrix A. Then
So r(A(G)) = 2 + r(A(H)), and hence η(G) = η(H).
The result of Lemma 2.4 for simple graphs ( [6] ) has been widely used for discussion of nullity. In [13] , the authors extend Lemma 2.4 to graphs with pendant trees. We now adopt the terminologies of k-joining graph and pendant tree used in [13] .
Definition 2.5. Let Γ 1 be a signed graph containing a vertex u, and let Γ 2 be a signed graph of order n that is disjoint from Γ 1 . For 1 ≤ k ≤ n, the k-joining graph of Γ 1 and Γ 2 with respect to u, denoted by Γ 1 (u) ⊙ k Γ 2 , is obtained from Γ 1 ∪ Γ 2 by joining u and arbitrary k vertices of G 2 with signed edges.
In above definition, if Γ 1 is a tree, then G 1 is called a pendant tree of Γ 1 (u) ⊙ k Γ 2 , and Γ 1 (u) ⊙ k Γ 2 is said a signed graph with pendant tree. Before we discuss the nullity of signed graphs with pendant trees, we need some notions and lemmas used in [13] . For a signed tree T on at least two vertices, a vertex v ∈ T is called mismatched in T if there exists a maximum matching M of T that does not cover v; otherwise, v is called matched in T . If a tree consists only one vertex, then this vertex is considered mismatched. Lemma 2.6. [13] Let T be a tree containing a vertex v. The following are equivalent: The following two theorems for simple graphs were given in [13] . Here we extend them to signed graphs with a very similar proof. Theorem 2.9. Let T be a signed tree with a matched vertex u and let Γ be a signed graph of order n. Then for each integer
Proof: We prove the result by induction on the matching number µ(T ). Note that µ(T ) ≥ 1 as u is matched in T . If µ(T ) = 1, then, by Lemma 2.1, T contains p + 2 vertices and T is the star K 1,p+1 , where p = η(T ). Therefore, u is the unique quasi-pendant vertex of T . Suppose v is a pendant vertex of T that is adjacent to u. Then by Lemma 2.4,
Suppose the assertion holds for any tree T with µ(T ) ≤ t (t ≥ 1). Now we consider a tree T with µ(T ) = t + 1 ≥ 2. As µ(T ) ≥ 2, we may assume that T contains a pendant vertex v and a quasi-pendant vertex w adjacent to v, where v, w are both different to u. Let T 1 = T − v − w. Then µ(T 1 ) = t and η(T 1 ) = η(T ) by Lemma 2.4. In addition, u is also matched in T 1 . By Lemma 2.4 and by induction, we have
The result follows.
Theorem 2.10. Let T be a signed tree with a mismatched vertex u and let Γ be a signed graph of order n. Then for each integer
where Γ + u is the subgraph of T (u) ⊙ k Γ induced by the vertices of Γ and u.
Proof: In the tree T , assume that u 1 , u 2 , . . . , u m (m ≥ 1) are all neighbors of u, and T 1 , T 2 , . . . , T m are the components of T − u that contain the vertices u 1 , u 2 , · · · , u m respectively. By Lemma 2.8, every vertex u i is matched in T i for i = 1, 2, . . . , m. Then
Applying Theorem 2.9 repeatedly, we have
As u is mismatched in T , by Lemma 2.6,
Nullity of unicyclic signed graphs
Let Γ be a unicyclic signed graph and let C be the unique cycle of Γ. For each vertex v ∈ C, denote by Γ{v} an induced connected subgraph of Γ with maximum possible of vertices, which contains the vertex v and contains no other vertices of C. One can find that Γ{v} is a tree and Γ is obtained by identifying the vertex v of Γ{v} with the vertex v on C for all vertices v ∈ C. The unicyclic signed graph Γ is said of Type I if there exists a vertex v on the cycle such that v is matched in Γ{v}; otherwise, Γ is said of Type II.
If Γ is of Type I, then Γ = Γ{v} ⊙ 2 (Γ − Γ{v}) for some matched vertex v of Γ{v}, where Γ{v}(v) and Γ − Γ{v} are both nontrivial graphs. Thus, by Theorem 2.9,
If Γ is of Type II and Γ is not a cycle, then by Lemma 2.8, for each vertex v on the cycle such that Γ{v} is nontrivial, every neighbor of v in Γ{v}(v) is matched in the component of Γ{v}(v) − v that contains the neighbor. Note that G{v}(v) − v may be a forest but each component of the forest contains at least two vertices by Lemma 2.7. By Theorem 2.10,
Applying Theorem 2.10 repeatedly, we have
By the above discussion, we get the following result immediately.
Theorem 3.1. Let Γ be a unicyclic signed graph and let C be the cycle of Γ. If Γ is of Type I and let v ∈ C be matched in Γ{v}, then Proof: The sufficiency for (1) or (2) can be verified by Lemmas 2.2 and 2.3. Suppose η(Γ) = n − 2. If Γ is exactly a cycle C n , by Lemmas 2.2 and 2.3, Γ is the balanced cycle C 4 . Now assume Γ contains pendant edges and let C l be a cycle of Γ. If Γ is of type I, then for some some vertex v of the cycle matched in Γ{v}, Γ = Γ{v} ⊙ 2 (Γ − Γ{v}), where Γ{v} and Γ − Γ{v} are both nontrivial trees of order n 1 and n − n 1 respectively. By Theorem 3.1 and Lemma 2.1,
which implies η(Γ) ≤ n − 4, a contradiction. If Γ of type II, by the discussion prior to Theorem 3.1, each component of G − C l is nontrivial. By Theorem 3.1 and Lemma 2.1, Before we characterize the unicyclic signed graphs of order n with nullity n − 4 or n − 5, we need to introduce four graphs in Fig. 3.1, where U 1 (r, s) (respectively, U 2 (r, s) ), r ≥ s ≥ 0, r + s ≥ 1, is obtained from a triangle (respectively, a square) by attaching r, s pendant edges at two vertices (respectively, two non-adjacent vertices), and U 3 (r) (respectively, U 4 (r)), r ≥ 1, is obtained from a square (respectively, a triangle) by identifying one vertex with a pendant vertex of a star K 1,r+1 . If Γ is of type II, by (3.2), η(C l ) = l + 2µ(Γ − C l ) − 4 ≥ l − 2 ≥ 1. So η(C l ) = 2 by Lemmas 2.2 and 2.3. So l = 4 and C 4 is balance. We also find µ(Γ − C 4 ) = 1 and hence Γ − C 4 is a star. So G is the signed graph of order n with U 3 (r) in Fig. 3 .1 as underlying graph, which is obtained by identifying a a vertex of C 4 with one pendant vertex of a star of order n − 3 . 
